Abstract A deterministic model of tuberculosis (TB) in sub-Saharan Africa including undetected and lost-sight cases is presented and analyzed. The model is shown to exhibit the phenomenon of backward bifurcation, when a stable disease-free equilibrium co-exists with one or more stable endemic equilibrium points when the associated basic reproduction number (R 0 ) is less than unity. Analyzing the model obviously reveals that exogenous reinfection plays a key role on the existence of backward bifurcation. However, an analysis of the ranges of exogenous reinfection suggested that backward bifurcation occurs only for very high and unrealistic ranges of the exogeneous reinfection rate. Random perturbation of reinfection rates was performed to gain insight into the role of this latter on the stability of the disease free equilibrium.
Introduction
The global burden of tuberculosis (TB) has increased over the past two decades, despite widespread implementation of control strategies including 2 ACCEPTED MANUSCRIPT A C C E P T E D M A N U S C R I P T BCG (Bacillus Calmette-Guerrin) vaccination and the World Health Organization's (WHO) DOTS strategy which focuses on case finding and shortcourse chemotherapy cause of death. TB is the second largest cause of death from an infectious agent after HIV/AIDS in developing countries [19] . In the modern era, TB is recognized as a disease that preys upon social disadvantage [8, 7] . It remains a worldwide emergency mostly affecting poor countries and to this old and persistent threat, the multidrug-resistant TB is a emergency adding further challenges. Despite predictions of a decline in global incidence, the number of new cases continues to grow, approaching 10 million in 2010 [20] .
TB has a latent or incubation period during which the individual is said to be infected but not infectious. This period was modeled either by incorporating as a delay effect or by introducing an exposed class. Therefore, second infection or reinfection occurs in an individual in both high and lowincidence regions, which is already experiencing an infection with another agent. This parameter plays an important role on TB dynamics.
Some authors proposed mathematical models of TB including reinfection and assumed that the rate of reinfection is a multiple of the rate of first infection [45, 47, 48, 49, 52, 5, 22, 29] . Exposed individuals who have been previously infected (in dormant stage) or recovered individuals may acquire new infection from another infectious individual due to low immunity of persons. Therefore, individuals in the latent stage of TB progress into active stage due to exogenous reinfection and recovered individual may progress to Latently infected class [45, 47, 48, 49, 52, 5, 22, 29] . Studies confirmed that reinfection in areas with a low incidence of tuberculosis is possible, although less common than in high-incidence geographical regions, indicating that higher prevalence of M. tuberculosis represents the major risk for tuberculosis reinfection.
The challenge of TB control in developing countries is due to the increase of TB incidence by a high level of undiagnosed infectious population and lost sight population with respect to diagnosed infectious cases. Undiagnosed infectious population means people who have not yet been to a hospital for diagnosis or have not been detected, but have a pulmonary TB [4, 51] when lost sight population are people who have been diagnosed as having active TB, begun their treatment and quitted before the end.
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Lost-sight population are the most likely to develop multi-drug resitance [50] . Compared to existing results [15, 9, 38, 3, 1, 18, 32, 43, 22] and references therein, our work differs from these studies in that our model, in addition to undiagnosed infectious and lost sight population, also considers the aspects of exogenous reinfections, disease relapse as well as primary active TB cases, natural recovery and traditional medicine or self-medication (practiced in Sub-Saharan Africa). Also, it is recognized that undiagnosed population, lost sight population and exogenous reinfections are important components of TB transmission in Sub-Saharan Africa. For the new mathematical model, the infective class is divided into three subgroups with different properties: i) diagnosed infectious population, ii) undiagnosed infectious population and iii) lost sight population. According to the National Committee of Fight against TB of Cameroon (NCFT) [40] , about 8% of diagnosed infectious that begin their therapy treatment never returned to the hospital for the rest of sputum examinations and treatment, and then become lost sight. This class of TB epidemiological models can be extended to many classes of infective individuals and data for many other African countries.
For many epidemiological models, a threshold condition that indicates whether an infection introduced into a population will be eliminated or become endemic was defined [13] . The basic reproduction number R 0 is defined as the average number of secondary infections produced by an infected individual in a completely susceptible population [24] . In models with only two steady states and a transcritical bifurcation, R 0 > 1 implies that the endemic state is stable (e.g. the infection persists), and R 0 ≤ 1 implies that the uninfected state is stable (e.g. the infection will die out). The co-existence of disease-free equilibrium and endemic equilibrium points when the basic reproduction number (R 0 < 1) is typically associated with the backward or subcritical bifurcation. This phenomenon was found in many epidemiological settings (see for instance, [21, 23, 30, 44] and references therein). The epidemiological implication of is that the classical requirement of having the associated reproduction number less than unity, while necessary is not a sufficient condition for disease control. Results showed that a threshold level of reinfection exists in all cases of the model. Beyond this threshold, the dynamics of the model are described by a backward bifurcation. However, uncertainty analysis of the parameters showed that this threshold is too 4 A C C E P T E D M A N U S C R I P T high to be attained in a realistic epidemic [44] . In our previous works, we analysed optimal control strategies for the model and estimated parameters corresponding to data recorded in Cameroon [37, 35, 36] . Here, we intend to discuss the role of exogenous reinfection on the existence of backward bifurcation in the TB model. In this paper, we determine the basic reproduction ratio, and discuss the existence and the stability of the endemic equilibrium and the disease free equilibrium (DFE). Some discussion about the TB persistence condition was deduced.
The Proposed Model
The model formulation
A finite total population at time t denoted by N (t) was considered and sub-divided into mutually exclusive sub-populations of S susceptible: healthy people not yet exposed to TB, E latently infected: exposed to TB but not infectious, I diagnosed infectious: have active TB confirmed after a sputum examination in a hospital, J undiagnosed infectious : have not yet been to a hospital for diagnosis but are active for confirmation by a sputum examination, L lost sight: people who have been diagnosed as having active TB, begun their treatment and quitted before the end, R recovered: people cured after treatment in the hospital.
In some countries, reliable TB tests are often missing or too expensive [31] . Hence, TB diagnosis based on a single sputum examination can often only be classified as "probable" or "presumed", and cannot detect cases of less infectious forms of TB [50] . Therefore, the model is based on the following assumptions, established from behaviors of people in different epidemiological classes.
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A C C E P T E D M A N U S C R I P T 1. Mtb transmission from diagnosed infectious to susceptible population, due to education on the infection is limited. It was therefore modeled using a standard incidence or frequency-dependent force of infection.
2. Mtb transmission from undiagnosed infectious to susceptible population, due to their level of education on the disease was modeled by a density-dependent force of infection.
These arguments abide on the fact that diagnosed infectious people are in most cases hospitalized for at least 2 months or are advised to lessen their infectiousness in their residing neighborhood. Their distribution in the population is not necessarily homogeneous. Since undiagnosed infectious remain inside the population, there is an unlimited possibility of contacts with the susceptible population [4] . We therefore assume a density dependent force of infection for hospital inmates [6] .
All recruitment is into the susceptible class and occurs at an average scale Λ. The fixed survey for non-disease related death is µ, thus 1/µ is the average lifetime. Diagnosed infectious, undiagnosed infectious and lost sight population have additional constant death rates due to the disease, defined 
where 
This risk is called the transmission risk. Due to endogenous reactivation, a fraction 1 − r 1 of latently infected individuals who did not receive effective chemoprophylaxis become infectious with a constant rate k, and get re-infected after effective contact with individuals in the active TB classes or lost sight at a rate
where σ 1 is the factor reducing the risk of infection as a result of acquiring immunity for latently infected individuals. Among latently infected individuals who become infectious, the fraction h is diagnosed and treated under the "Stop TB" program, while the remaining 1 − h is not diagnosed and becomes undiagnosed infectious J. We assume that after some time suffering from TB, some undiagnosed infectious decide to go to hospital with a rate θ. Also, we assume that among diagnosed infectious who had begun their treatment therapy, a fraction r 2 of I has taken all the dose and has made all the sputum examinations and will be declared cured from the disease. Some diagnosed infectious who have not finished their dose of drugs and sputum examinations or whose treatment was unsuccessful, will not return to the hospital for the rest of sputum examinations and check-up. They will enter the class of lost sight L at a constant rate α. Lost sight can return to the hospital at a constant rate δ.
As suggested by Murray et al. [39] , recovered individuals can only have partial immunity. Hence, they can undergo a TB reactivation or relapse with a constant rate γ. The remainder can be reinfected (exogenously) after an effective contact with individuals in the active TB classes and lost sight at a rate
where σ 2 is the factor reducing the risk of infection as a result of acquiring partial immunity for recovered individuals. Due to their own immunity, tra- A description of the parameters is summarized in Table 1 .
Keeping in view the above facts, the mathematical model is formulated as follows:
where
The parameter values of model (4) are given in Table 1 . 
Basic properties
Since model (4) monitors a human population, all its associated parameters and state variables should be non-negative and bounded for all t ≥ 0.
It is shown in this section that the model is mathematically well-posed and epidemiologically reasonable [24] .
The following result shows that state variables are non-negative and dissipative.
Lemma 2.1. Let the initial values be (4) are non-negative for all t > 0. Furthermore,
The proof of this Lemma follows from an obvious adjustment of the result in [33, 34] . The following steps establish the positive invariance of the
i.e. solutions remain in Ω ε for all t ≥ 0. This implies that the trajectories of model (4) are bounded. On the other hand, integrating the differential
i.e. the total population N (t) will decrease until
Thus, the region Ω ε is a compact forward invariant set for model system (4), and for ε > 0 this set is absorbing. So, we limit our study to this region for ε > 0. The prevalent existence, uniqueness and continuation results hold for model system (4) in Ω ε .
The basic reproduction number
The global behavior of the TB model crucially depends on the basic reproduction number, i.e., an average number of secondary cases produced by a single infective individual, who is introduced into an entirely susceptible population. Model system (4) has an evident equilibrium Q 0 = (x 0 , 0) with x 0 = Λ/µ when there is no disease in the population. This equilibrium point is the disease-free equilibrium, obtained by setting the right hand sides of
equations in model (4) to zero. We calculate the basic reproduction number R 0 , using the next generation method developed in [46] . To this end, let us write system (4) in the form
| . is the usual scalar product and A is the constant matrix
with A 1 , A 2 , A 3 , A 4 and A 5 defined as above in Eq. (4).
The Jacobian matrices of F(x, y) and V(x, y) at the DFE of are
where e 1 = (0, β 1 , β 2 , 0, 0), e 2 = (0, 0, 0, β 3 , 0), e 3 = (1, 0, 0, 0, 0),
Thus, using the matrix transformation of [28, 25, 26, 27] , the basic reproduction number is the spectral radius of F V −1 :
We use the expression (−A −1 ) to emphasize that (−A −1 ) ≥ 0 because the matrix A is Metzler stable.
The following result is established (from [46] ):
Lemma 2.2. : The disease-free equilibrium Q 0 of model (4) is locally asymptotically stable whenever R 0 < 1, and instable if R 0 > 1.
A C C E P T E D M A N U S C R I P T
From a biological point of view, Lemma 2.2 implies that TB can be eliminated from the community (when R 0 ≤ 1) if the initial sizes of the population are in the basin of attraction of Q 0 . But if R 0 > 1 the infection will be able to spread in a population. Generally, the larger the value of R 0 , the harder it is to control the epidemic.
Bifurcation analysis
Herein, the number of equilibrium solutions of model (4) is investigated.
Let Q * = (x * , y * ) be any arbitrary equilibrium of model (4) . To find existence conditions for an endemic equilibrium of tuberculosis in the population (steady state with y * non zero), the equations in model(4) are set to zero,
with
is the force of infection at the steady state.
Multiplying the second equation of (8) by −A −1 , one obtains
Then, one can deduce that
A C C E P T E D M A N U S C R I P T
Using the last two equation of (11), one can deduce that
From the first equation of (8), one has
Combining equations (9), (11), (12) and (13), one can deduce that the total population size at the steady state is given by
Let w 1 = (0, 1, 0, 0, 0) T , w 2 = (0, 0, 1, 0, 0) T and w 3 = (0, 0, 0, 1, 0) T .
Then, from Eq. (10), one can deduce that
Now, using the total population dynamics at the steady state, one has
Combining Eqs. (12), (15) and (16) yields
A C C E P T E D M A N U S C R I P T where
Equating Eqs. (14) and (17), it can be shown that the non-zero equilibria of model (4) satisfies the following equation in term of ν * :
The positive endemic equilibrium point Q * are obtained by finding ν * from the polynomial equation (18) and substituting the numerical results (positive values of ν * ) into the expressions of the state variables at the steady state.
Clearly, the coefficient E 0 of equation (18) is positive or negative whenever R 0 is less or greater than unity, respectively. Thus, the number of possible real roots of the polynomial equation (18) 
given in Eq. (18) . We claim the following result.
Lemma 3.1. The TB model (4) (i) could have a unique endemic equilibrium wherever R 0 > 1;
(ii) could have more than one endemic equilibrium wherever R 0 > 1;
(iii) could have a unique endemic equilibrium wherever R 0 < 1;
(iv) could have one or more endemic equilibria wherever R 0 < 1.
The existence of multiple endemic equilibria when R 0 < 1 suggests the possibility of a backward bifurcation (see, [12, 2, 21] and references therein),
where a stable disease-free equilibrium co-exists with a stable endemic equilibrium when the basic reproduction number is less than unity. This is explored below via numerical simulations. The function roots of Matlab is used to find the root of the polynomial (18) . Table 1 (except for β 3 , which vary). From
A C C E P T E D M
A N U S C R I P T Fig. 2 (b) , it clearly appears that there are three equilibrium points in Ω ε : a locally asymptotically stable disease-free equilibrium point on the boundary of the positive orthant of R 6 + , and two endemic equilibrium points inside the positive orthant. Linear stability analysis (through analysis of the jacobian matrix at this point) shows that the "larger" endemic equilibrium point is locally asymptotically stable, while the "smaller" point is unstable. Further linear analysis with an increased value of β 3 , (with R 0 > 1.155) shows that the DFE is unstable, and there is one locally asymptotically stable endemic equilibrium point.
The epidemiological significance of the phenomenon of backward bifurcation is that the classical requirement of R 0 < 1 is, although necessary, no longer sufficient for disease eradication. In such a scenario, disease elimina- 
where ϕ(x), B 1 , ν(I, J, L) and A are defined as in Eq. (4).
The above model has the same disease-free equilibrium Q 0 . Apart this equilibrium state, the model can also have a unique positive endemic equilibrium state. In the absence of exogenous reinfection σ 1 = σ 2 = 0 (i.e, B 2 = B 3 = 0), the coefficients E 0 , E 1 , E 2 , E 3 , E 4 , E 5 and E 5 in equation (18) reduce to
In this case, the force of infection at the steady state satisfies the quadratic equation
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It is worth noting that the coefficient E 0 is positive if R 0 < 0, and negative if R 0 > 1. Thus, the number of possible real roots of equation (21) depends on the signs of E 2 , E 1 and E 0 . This can be analyzed using the Descartes Rule of Signs on the polynomial g(ν * ) = E 2 (ν * ) 2 + E 1 ν * + E 0 .
From the equality ν(I, J, L) =
It is worth noting that the coefficient E 0 is positive if R 0 < 0, and negative if R 0 > 1. Thus, the number of possible real roots of equation (21) depends on the signs of E 2 , E 1 and E 0 . This can be analyzed using the Descartes
Rule of Signs on the polynomial g(ν
A simple calculation proves that g 0 < R 0 when d 1 < β 1 , d 2 < β 2 and d 3 < β 3 Λ/µ. This means that the contact rate to get the infection is higher than the mortality rate of the infection. Since this condition is fulfilled, Hence, when σ 1 = σ 2 = 0, no endemic equilibrium exists whenever R 0 < 1. It follows then that, owing to the absence of multiple endemic equilibria for model (4) with σ 1 = σ 2 = 0 and R 0 < 1, a backward bifurcation is unlikely to happen for model (4) . The absence of multiple endemic
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equilibria suggests that the disease-free equilibrium of model (4) is globally asymptotically stable when R 0 < 1.
We claim the following result about the global stability of the DFE of model (4) whenever σ 1 = σ 2 = 0.
Theorem 3.2. Consider model (4) with σ 1 = σ 2 = 0. Then, the DFE is globally asymptotically stable in Ω ε whenever R 0 ≤ 1.
The proof of Theorem 3.2 is given in Appendix A. All other parameters are as in Table 1 . It illustrates the convergence of the trajectories of the model (4) without exogenous reinfection to the disease free equilibrium when R 0 ≤ 1. This means that after long time of decreasing, TB will die out in the absence of exogenous reinfection. This figure also shows that reaching a disease free equilibrium, will take more decades than meet the endemic equilibrium point. This is certainly due to the fact that some latently infected individuals might not develop the disease over their life time. In fact, the high number of latent makes the class persistent throughout the simulation and allows therefore longer time to reach the DFE.
The local stability of the endemic equilibrium of the model (4) (4) showing the global asymptotic stability of the DFE for the fraction of population in each class using various initial conditions when β 3 = 0.26·10 −6 and σ 1 = σ 2 = 0 (so that R 0 = 0.44). (4) showing the local stability of the endemic equilibrium of the fraction of population in each class for various initial conditions when β 3 = 1.26 · 10 −06 and σ 1 = σ 2 = 0 (so that R 0 = 1.6079). All other parameters are defined as in Table 1 .
A C C E P T E D
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We performed Monte-Carlos simulation on the reinfection rates σ 1 and σ 2 to see how it affects the disease free equilibrium when R 0 < 1 for a fixed population size. Using parameter values as in Fig. 3 , it comes out that for random generation of σ i , the disease could converge to an endemic equilibrium or a disease free equilibrium ( Figure 5 ). It illustrates the existence of backward bifurcation in the presence of exogenous reinfection.
Analysis of the model with data from Cameroon, as estimated in [37] , did not reveal any backward bifurcation. Considering exogenous reinfection as a random phenomena with changes every years due to different reasons, Figure 6 presents result of 50 times numerical simulations of the model.
Here, we considered the exogenous reinfection as random perturbation in the system at each time steps. The stop criterium was the positivity of the system. It appears that TB dies out in all run after relatively long run. This result supports that for various exogenous reinfection and when R 0 < 1, the disease might still die out.
Discussion and conclusion
In this paper, we presented a comprehensive, continuous and realistic deterministic model for the transmission dynamics of tuberculosis in subSaharan Africa whose object is to determine the role of TB diagnosis, treatment and lack information about the epidemiological status of certain patients. In contrast to many TB models in the literature, the model includes three infective classes emanating from diagnosed and undiagnosed infectious and lost sight. The undiagnosed and lost sight subclasses are of particular importance in modeling TB in developing countries since it reflects better the social reality. In particular the proportion of individuals that are diagnosed is very important factor for intervention strategies. The parameter can be used can be used to measure successes of educational campaigns that encourage individuals to go for TB screening. It can also be a measure of the level of awareness of the implications of not having TB diagnosis.
The model was rigorously analyzed to gain insight into its qualitative dynamics. It was mainly found that the model exhibits the phenomenon of backward bifurcation, where the stable disease-free equilibrium co-exists 
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A C C E P T E D M A N U S C R I P T with a stable endemic equilibrium, when the basic reproduction ratio is less than unity. However, backward bifurcation dynamics feature is caused by the re-infection of latently infected and recovered individuals had mainly occur for values that over ten times than estimations from Cameroon's data.
Numerical analysis allowed us to observe that to reach a disease free equilibrium, it will take more decades than reaching endemic equilibrium point, because the latently infected population will take more time to reach zero due to the high number and the slow flow to other classes. For high values, potentially unrealistic of the reinfection rate, backward bifurcation was effective and lead to a convergence to a disease endemic equilibrium. 
This suggests the linear comparison system:
The linear comparison system (23) has a unique positive equilibrium S 0 which is globally asymptotically stable. By the comparison theorem for cooperative systems, one has that lim sup
Thus, for any σ > 0, there exists a sufficiently large T > 0 such that
Since the spectral radius of F σ V −1 is a continuous function of σ, we can choose σ as small as possible 
Model system (25) can be written in the following compact form:
A C C E P T E D M A N U S C R I P T where y is defined as in model (6) . Note that y = (0, 0, 0, 0, 0) is the unique equilibrium of the linear comparison system (26) which is globally asymptotically stable, since it is well known that if s(F σ − V ) is the stability modulus of the matrix (F σ − V ) defined as the maximal real part of the eigenvalues of (F σ − V ), then from [46] , s(F σ − V ) < 0 is equivalent to ρ(F σ V −1 ) < 1.
Therefore, all solutions of the linear comparison system (26) 
where 0 is an equilibrium point of the system (that is, f (0, φ) ≡ 0 for all φ) and assume Let f k be the k th component of f and
then, the local dynamics of the system around the equilibrium point 0 is totally determined by the signs of a and b. Let us first make the following simplification and change of variables.
Let x 1 = S, x 2 = E, x 3 = I, x 4 = J, x 5 = L and x 6 = R so that
Further, by using vector notation x = (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) T , the TB model (4) without exogenous reinfections can be written in the formẋ = f (x), with f = (f 1 , f 2 , f 3 , f 4 , f 5 , f 6 ) T , as follows:
and A 5 defined as in model (4) . The Jacobian of the system (4), at the DFE Q 0 , for all β 3 is given by
The reproduction number of the transformed (linearized) model (28) is the same as that of the original model given by (7) . Therefore, choosing β 3 as a bifurcation parameter and solving equation in β 3 when R 0 = 1, we obtain where e 2 = (0, 0, 0, 1, 0). It follows that the Jacobian J(Q 0 ) of system (28) at the DFE Q 0 , with β 3 = β * 3 , denoted by J β * 3 has a simple zero eigenvalue (with all other eigenvalues having negative real parts). Hence, the Centre Manifold theory [14] can be used to analyse the dynamics of the model (28) . Now, the theorem 5.1 (cf. [16] , can be used to show that the unique endemic equilibrium of the model (28) (or, equivalently, (4)) is locally asymptotically stable for R 0 near 1.
Eigenvectors of J β *
3
: For the case when R 0 = 1, it can be shown that the Jacobian of system (28) at β 3 = β * 3 (denoted by J β *
) has a right eigenvector (corresponding to the zero eigenvalue), given by U = (u 1 , u 2 , u 3 , u 4 , u 5 , u 6 ) T , where, 
Computation of a: For model (28) , the associated non-zero partial derivatives of f (at the DFE Q 0 ) are given by so that the bifurcation coefficient a < 0 since u 1 < 0. Thus, we have a < 0 and b > 0. All conditions of Theorem 5.1 are satisfied and it should be noted that we use β * 3 as the bifurcation parameter, in place of φ in Theorem 5.1). Thus, it follows that the endemic equilibrium is locally asymptotically stable. This concludes the proof.
